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ABSTRACT 

We study some of the combinatorial structures related to the signature 
of G-symmetric products of (open) surfaces SP~n(AI) = Mra/G where 

G C Sin. The attention is focused on the question, what information 
about a surface M can be recovered from a symmetric product SPa(M) .  
The problem is motivated in part by the study of locally Euclidean topo- 
logical commutative (m + k, m)-groups, [16]. Emphasizing a combinato- 

rial point of view we express the signature Sign(SPc~' (M)) in terms of the 
cycle index Z(G; ~) of G, a polynomial which originally appeared in P61ya 

enumeration theory of graphs, trees, chemical structures etc. The com- 

putations are used to show that there exist punctured Riemann surfaces 

M9, k, 5lg,.k, such that the manifolds SPm (Alg,k) and spm(Mg,,k ,  ) are 

often not homeomorphic, although they always have the stone homotopy 

type provided 2g + k = 2g' + k' and k,k ~ _> 1. 
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1. I n t r o d u c t i o n  

The complex plane C, the punctured plane C* = C \ {0} and the elliptic curves 

are classical examples of surfaces that support a group structure. A natural 

generalization of the (commutative) group structure is the structure of a 

(commutative) (m + k, m)-group. 

Let s p a ( x )  := Xn/Sn be the symmetric product of X and let 

SPP(X) × s P q ( X )  ~ SpB+q(x), (a, b) ~ c := a * b 

be the operation induced by concatenation of strings a E SPP(X) and b E 

sPq(X) .  A c o m m u t a t i v e  (m + k, m)-groupoid is a pair (X, #) where the "mul- 

tiplication" tt is an arbitrary map #: SPm+k(X) -+ s p m ( x ) .  The operation p 

is associative if for each c C SPm+2k(X) and each representation c = a* b, where 

a C SP'~+k(X) and b C SPk(X),  the result p(#(a) * b) is always the same, i.e., 

independent of the particular choice of a and b in the representation c = a * b. 

A commutative and associative (m + k, m)-groupoid is a (m + k, m)-group if 

the equation #(x , a) = b has a solution x G SP'~(X) for each a E SPk(X)  and 

b E SPIn(X). Note that (2, 1)-groups are essentiMly the groups in the usual sense 

of the word. If X is a topological space, then (X, p) is a topological (m + k, re)- 

group if it is a (m + k, m)-group and the map #: SP'~+k(X) -~ SPIn(X) is 

continuous. 

For the motivation and other information about commutative (m + k,m)- 

groups the reader is referred to [16], [15]. Surprisingly enough, the only known 

surfaces that support the structure of a (m + k, m)-group for (m + k, m) ¢ (2, 1) 

are of the form C \ A where A is a finite set. Moreover, it was proved in [15], see 

also Theorem 6.1 in [16], that if (M, #) is a locally Euclidean, topological, com- 

mutative, (m + k, m)-group then M must be an orientable 2-manifold. Moreover, 

a 2-manifold that admits the structure of a commutative (m + k, m)-group satis- 

fies a strong necessary condition that the symmetric power SPIn(M) := M'VSm 

is of the form R ~ × ($1) ~. In particular, the signature Sign(SP'~(M)) of M must 

be zero. 

There is a conjecture [16] that  the only examples of topological, commutative, 

(m + k, m)-groups are supported by surfaces of the form M = C \ A. Corol- 

lary 1.3 and Proposition 1.4 support this conjecture, since they imply that all 

open surfaces of sufficiently high genus have a non-zero signature. However, this 

conjecture serves also as a partial motivation for the following general questions 

which may be of some independent interest. 

Questions: 
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(A) To what extent is the topology of a surface M determined by the topology 

of its symmetric product SPm (M) for a given m? 

(B) Are there examples of non-honmomorphic (open) surfaces M and N such 

that  the associated symmetric products S P  "~ (M) and SPm (N) are homeo- 

morphic? 

In response to (A) we prove the following theorem which says that  homo- 

logical invariants alone are not sufficient to distinguish symmetric products of 

non-homeomorphic surfaces. This puts some limitations on surfaces M and N in 

question (B), however the question itself remains open and interesting already in 

the case of general surfaces Mg,k. 

THEOREM 1.1: There exist open, orientable surfaces M and N such that the 
associated symmetric products SPIn(M) and SPIn(N) are not homeomorphic 
although they have the same homotopy (vpe. More precisely, this is always true 

if M = 2li9,~. and N = Mg, ~,, (k,k' >_ 1) and 

• 2 9 + k = 2 9 ' + k  I, 
• g ¢ g' and max{g, ~'} _> m/2  

where ]~lg,k := M 9 \ {Xl . . . . .  x~:} is the surface of genus g punctured at k points. 

A natural  approach to questions (A) and (B) is to determine what infor- 

mation about  M is hidden in S P " ( M ) .  If SP'~(M) is known, then the iter- 

ated symmetric product SPk(SP'~(M)) aim its higher order analogs are also 

known. Since SPk(SP'*(M)) ~ SPc;(M) := Mmk/G where G = Sk ~ S,~ is the 

wreath product of groups, it is natural  to consider general G-symmetric  products 

SPa(M) = M N / G  where G C SN is an arbi trary subgroup of SN. When we 

want to emphasize that  G is a subgroup of SN we write SPa(M) = SP~;(M). 
SPa(M) is always a Q-homology manifold and the signature Sign(SPa(M)) is 

well defined. Our central technical result is the following theorem. 

THEOREM 1.2: 

(1) Sign(SP~}~(M~,k)) = Z(C:  0, - 2 g ,  0, - 2 g  . . . .  ) 

where G C Sm and Z(G; xl, x2 , . . . ,  x,~) is the cyc le  i n d e x  of G. 

COROLLARY 1.3: 

(2) Sign(Sp2"(Mg,k)) = ( - l ) n ( 9 ) .  

Recall that the cycle index, [1], [11], [3], [ 1¢  is a fundamental polynomial 
which was originally defined by J. H. Redfield and independently by G. Pdlya 
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who recognized its central role in his celebrated enumeration theory of groups, 

graphs, trees, chemical compounds etc. The advantage of expressing the result 

in terms of the cycle index lies in the fact that  the cycle index is a well studied 

object of enumerative combinatorics. One of highlights is Theorem 1.16, see [1] 

Section V, which describes a procedure how the cycle index Z(G; 2) of the wreath 

product G = Q~H can be in a transparent and elegant way expressed in terms of 

cycle indices Z(Q; 2), Z(H; ~) of Q and H respectively. A good illustration how 

these ideas can be applied is provided by the following proposition which itself 

can be seen as another corollary of Theorem 1.2. 

PROPOSITION 1.4: Suppose that m is odd and p an even integer. Then 

(3) Sign(SPs,~sm (Mg,k)) = Z(Sp ~ Sm; O, - 2 g , . . . ,  O, -2g )  = ( - 1 )  p/2 2 . 

COROLLARY 1.5: I f  m iS an odd integer and k > 1 then 

1(::) 
(4) Sign(SP2(SP'~(Mg'k)))  = - 2  " 

For completeness we recall a remarkable formula of Don Zagier* obtained by the 

Atiyah-Singer G-signature theorem applied to (a, , ,  Mm), where a: AIm -+ M m 

is the cyclic permutation. 

THEOREM 1.6 (Zagier [17]): 

Sign(SP~,(M))  =Z(G;  ~-, k, 7, \ . . . .  ) 
(5) :z (a;  e)lx2,=, = ,  

where T = T(M) and y = -<(M) are respectively the signature and the Euler 

characteristic of a compact, oriented, even-dimensional manifold without 

boundary. 

Again the use of the cycle index is convenient. In the case G = Sk 1 S,~ one 

obtains, along the lines of Proposition 1.4, the following result which for m = 1 

reduces to the formula of Hirzebruch, [8], [17]. By convention [14], [tP]f(t) is the 

coefficient of t p in the power series f ( t ) .  

* Zagier did not originally express the result in terms of the cycle index Z(G; 5:). 
His result says that Sign(am, M m) is either 7(M) or k(M) depending on the 
parity of m. 
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THEOREM 1.7:  

2 l ,  1 ,rn+i(-~ (1 + t~ ½Sign(SP'~(M)) 
(6) Sign(SPsk~sm(M)) = [ t k ] (1 -  t ) ~ ' - '  t " J  \ l - t /  

1.1 SIGNATURE AS A FUNCTION OF BOTH a AND g. O u r  proof  of Theorem 1.2 

with minor  modification yields a proof of the corresponding well known s ta tement  

for closed surfaces Ms. This allows us to check our computat ions ,  so we find it 

convenient to formulate and prove these two results as par ts  of a single statement.  

THEOREM 1.8:  

(a) 

(7) 
(b) 

Sign(SP~(M9) ) = Z ( G ;  0, 2 - 2g, 0, 2 - 2g . . . .  ) 

=z(a;  
Sign(SP~(Mg,k)) =Z(G;  O, -29,  O, -2g  . . . .  ) 

=z(a: 

where. Z(G; xl  . . . . .  Xm) is the cycle index of the permutation group G C Sin. 

Before we commence the proof, let us recall some generalities about  the g- 

signature of  G-manifolds or vector spaces with G-invariant bilinear forms, [9], 

[4]. 

Let V be a vector space, B: V x V -+ C a hermit ian bilinear form on V and 

g: V --+ V an endomorphism which preserves the form B, B(gx, gy) = B(x, y) 
for all x, y E V. Then  V admits  a g-invariant decomposi t ion V ~ V ° @ V + % V -  

such tha t  B is positive definite on V +, negative definite on V -  and zero on V °. 

Then  the g signature of the triple (V, B, g), or for short the g-signature of V, is 

defined by 

Sign(g, V) = Sign(g, I': B) = Trace(glV +) - T r a c e ( g l I ' - ) .  

A symmetr ic  or skew-symmetric form B: V × V -~ ]R defined on a real vector 

space V can be extended to a hermit ian form B on the complexified space V,~" C 

by the formula [4] 

{ ct/SB(x, y), B is symmetric ,  
(8) /~(x ~'_~ c~,y O/3) = ia~B(x,y), B is skew-symmetric.  

The associated g-signature is also denoted by Sign(g, V). Finally, suppose tha t  

/ l l  2~ is a smooth,  oriented manifold, with or wi thout  boundary,  and let g: M 2" -~ 

M 2~ be an orientation preserving diffeomorphism of M.  The intersection tbrm 

B: H , , (M,Q)  x H n ( M , Q )  -+ Q is symmetr ic  if n is even, or skew-symmetric 
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if n is odd, and the associated endomorphism ~ := H~(g): H , ( M )  -+ Ha(M)  

preserves both the intersection form B and its complexification. The s-signature 

of (~, 1/\ B) is in this case denoted by Sign(s, M). In particular, we observe that 

the usual signature Sign(M) can be interpreted as the s-signature Sign(Id, M) of 

the identity map Id: M -+ 31. 

The following well known result, [6], [9], is of fundamental importance. Note 

that  even the case of 0-dimensional manifolds (finite sets) is interesting, when this 

result reduces to an elementary lemma (Burnside lemma) which is a corner-stone 

of Pdlya enumeration theory. 

PROPOSITION 1.9: Suppose that M 2 n  is a smooth, oriented manifold with a 

not necessarily free, orientation preserving action of a finite group G of diffeo- 

morphism. More generally, it is sufficient to assume that M is a Q-homology 

manifold. Then M / G  is a Q-homology manifold, SIgn( M / G )  is well defined and 

the following formula holds, [6], [9], 

1 ° 
Sign(M/G) = ~ E S,gn(g, M). 

' ' g c G  

The following proposition is used in the proof of Theorem 1.8. 

PROPOSITION 1.10: Let V be a (2n)-dimensional complex vector space and let 

B: V × V --+ C be a hermitian form. Suppose aJ: V --+ V is an endomor- 

phism preserving the form B, such that w 2n = 1, and for some vo E V, tile set 

{V0,b2(V0) . . . .  ,5d2n--l('v0) } is a basis of V. Suppose that B(vo, wJ(vo)) 5~ 0 

j = n. Then, 

Sign(w,V) = (  ~ xn+l ) s ignB(vo ,w ' (vo) )  

(9) z2n=l 
o, n ¢ 1 ,  

= 2signB(vo,w(Vo)), n = 1. 

Proo~ Let x C {1,e, e2 , . . . , e  en-1} be a root of unity, e = e 2~i/2n. Let Zx := 

vo + x- lw(vo)  + x-2w2(Vo) + --- + x-(2~-l)w2n-l(vo)  be the eigenvector of 

corresponding to the eigenvalue x. I fx  and y are different eigenvalues, B(zx,  Zy) = 

B(w(Zx),W(Zy)) = x~B(zx,  Zy) = 0. Otherwise, since B(vo,wJ(vo)) Call be 

nonzero only for j = n, we have B(zx, Zx) = 2nxnB(vo,w~(vo)). By a well 

known formula, 

S ign0(B)  = ~ A Sign(k}~, B~), 
),ESpec(w) 
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where 1~, is the eigenspace of cJ which corresponds to the eigenvalue A and Bx = 

BI!/), is the restriction of the form B on ~'),. In our case, 

Sign(V,B) = Z J" s ignB(zx 'zx)  = ( Z xn+l)s ignB(v° 'w'(v°))  
x 2 ~ = l  x 2 n ~ l  

and equation (9) follows. | 

Our next step in the preparations for the proof of Theorem 1.8 is an explicit 

description of the intersection pairing B: H,~(M~; Q) x H,~ (M~;  Q) ~ Q. Note 

that both sides of the equations (7) are zero if m is an odd number. So from here 

on, we focus our attention on the even case and assume that m = 2n. 

Let us choose an orientation on Mg and let T ~ H2(Mg; Q) be the associated 

fundamental class. Let aa, bl . . . . .  ag, bg be a symplectic basis of Hl(_hlg) so that 

a i A a i = b j n b j  =O, a i A b j  = 0 f o r i C j ,  a n d a i N b i = I ,  w h e r e I C H 0 ( M g )  is 

the generator. By the Kiinneth formula, 

H2~(]~I~n;Q) --- @ Hk, (]rig; Q) • 

kl 3-k2 +'"-t-k2n = 2 n  

Prom here one deduces that a convenient basis of H2~(hlg ' ;  Q) consists of all 

" w o r d s "  W ~ W l W  2 ' '  " w 2 n  ~-- W l  x w 2 X • . ,  X W 2 n  where 

{ a i } i = l  U u't,. E g {bj }j=19 U { I ,  "~"}. 

Note that for dimensional reasons, the number of occurrences of the letter 1 in 

the word w is equal to the number of occurrences of the letter "li'. 

LEMMA 1.11: Let w = WlW2. . 'w2 ,  and w ~ = w~w~. . .w~,  be two words, 
representing basic homology c/asses in H2, ( M ~  ). Then, 

(10) B(W, W') t[w,u,, (Wl, Wl) ' . . . .  (W2n, 

where ew,w, is either +1 or - 1 ,  while B(., .) and (., .) are the intersection pairings 
on groups H2,(Mg 2'~) and HI ( Mg) respectively. 

Proof: Indeed, W ~--" W 1 X • "" X W2n : 3 1  ["1 "" • rl W2n where, 

'w i  = T x . , .  x u'i x . , .  x T E H.(M~n).  

A! 
Hence, B(wl x - , .  x W2n, u,~ x . . .  x w~,) = ('g~ N.. .r-I w2,,) r~ (31 N . . . r7  W2n) 
and it is sufficient to remember that 

a N b = (--1) cd(a)cd(b) b A a 
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where cd(x) is the codimension of a class x. | 

Let us define an involution *: H.(Mg; Q) ~ H.(Mg; Q) by the formula 

* = b i ,  * = a j ,  l[* = "2* = (11) a i bj "2, I, 

i.e., the involution * is up to sign, the Poinca% duality map. For a given word 

W W l W 2  " ' ' W 2 n  let w* ~- = W ~ W ~  " "" W ~ n .  Note that the first part of the following 

proposition is just a reformulation of Lennna 1.11, while the second part gives a 

precise formula for the sign function e~,~,,. 

PROPOSITION 1 .12 :  

B ( w ,  w ' )  # 0 ~ w '  * 

B(w, w*) = (-1)(°(~"2)(wl,uh> . . . *  (w2,, w2~ ) *  = (-1)(~'(~'))+~(~), 

where/3(w) is the number of  occurrences of  letters b l , . . . ,  by in w, while a(w)  is 

the number of  occurrences of  both ai and bj in w. I f  II and T do not  appear in w 

whatsoever, then B(w,  w*) = +1. 

Let lr E $2,~ be a permutation and let a(7~) = la~2 a2- . .  (2n) a2" be the 

associated partition of [2n] = {1, 2 . . . . .  2n}. In light of the well known equality 

Sign(g x h, M x N) = Sign(g, M) Sign(h, N), [4], [9], 

2n 

(12) Sign(it, (Mg) 2") = I-I {Sign(Ck, (2I'lg)k)} ~k 
k=l 

where Ck: (Mg) A" -+ (Mg) ~' is a cyclic permutation of coordinates, 

c k  (x~, .r.2 . . . . . .  ~'~,) = (.~'2 . . . . . .  rk, ~1). 

PROPOSITION 1.13: 

2- -2g ,  k even, 
Sign(Ok, (Mg) k) = O, k odd. 

Proof." Let V = Hk(~¢g) c~.)C and let B: V x V -+ C be the hermitian form 

obtained by formula (8) from the intersection form on (Mg) k. Let ~: V -+ V be 

the map induced by Ct~. As beibre, c~: V ~ V is a B-preserving endomorphism. 

If V adnfits a B-orthogonal decomposition of the form V = V1 q~ V2 where Vl 

and I~) are w-invariant subspaces, then 

(13) Sign(~, 1,7) = Sign(c~l, 1~]) + Sign(a~2, IJ~) 
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where wi :=  colt i is the restriction of w on E .  Given a word w = W l ' ' ' W k ,  

let V~ = span{ w, w(w) . . . . .  co k - '  (w) } be the minimal co-invariant subspace of V 

which contains vector w. Let tV~ :=  I~, + Vw.. Then by Proposi t ion 1.12, for 

any two words w and w',  the associated spaces Ww and W,,, are either identical 

or nmtual ly  orthogonal.  By formula (13), it suffices to find Sign(co, W~). If  

t ~  ¢ I~,. then Sign(co, W~,) = 0, so we assmne tha t  W~, = E , .  Note tha t  

dim(V~) = p, where p = p(w) :=  min{s > 1 I co~('w) = +w}.  If  k is odd, then p, 

being a divisor of k, must  be also an odd number.  This implies tha t  'w* ¢ +coJ(w) 

for all j ,  which means tha t  the form Blt~, is zero and Sign(co, 1/~) = 0. It  

immediately follows tha t  Sign(Ck, (Mg) k) = 0 if k is an odd number.  If k = 2m 

is even, then a nonzero contr ibution fl'om l~, can be expected only i fp  is an even 

number.  In this case we can apply Proposi t ion 1.10 and deduce tha t  p = 2. The 

list of all basic words u having the proper ty  p(u) = 2 is 

w = IlT...II~2, wi :=  aibi . .  "aibi, i = 1 , . . . , g .  

Since l[ and 2" are classes of even degree, co(w) = u,* and B(w,  co(w)) = +1.  Since 

ai,bi are classes of degree 1, B ( w i , w ( w J )  = ( -1 )2"* - lB(wi ,  w/),  and know- 

ing that  by Proposi t ion 1.12, B(wi ,  v,~) = ( - 1 )  ~(a*)+'~(2m-1) = +1, we have 

B('wi, co(wi)) = - 1 .  Finally, by Proposi t ion 1.10, 

g 

Sign(C2,~ 2.~ , (Mg) ) = Sign(l .~,)+ E Sign(l,~,) = 2 - 2 9. 
i=1 

| 

PROPOSITION 1.14: I f  s > 1 then 

- 2 g ,  k eren, 
Sign(C~,, (M~,.~) k) = 0, k odd. 

Proof: As in the proof  of Proposi t ion 1.13, we need information about  the 

intersection pairing 

B:  2n. 

The homology group HI(Mg.~, Z) ~ Z 2g+~-1 has a basis el, e 2 , . . . ,  e2g+~-I where 

ei = a i ,  e 9 +  j = bj ibr i = 1 . . . . .  g and ej for j >_ 2g + 1 correspond to the holes 

ct~ . . . . .  ct,_l in My. The group H2, (M~,'~; Q) is generated by the classes (words) 

of the form w = tt,1 × - . .  × w.2, = w l - " w 2 ,  where wi E {el . . . . .  e2g+s-1}. 

Lemma 1.11 is still true with the simplification tha t  bo th  L 2 '  and the classes 

{~ .t2g+'~-I associated to the holes in "Ug,,~, are excluded. The rest of the proof  " 2 J j = 2 9 + 1 ,  

follows the argument  of the proof  of Proposi t ion 1.13. | 
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Proof of Theorem 1.8: As already observed, Theorem 1.8 is trivially correct 

if m is an odd number  since in tha t  case both  sides of equat ion (7) are zero. 

Let us assume that  m is an even number,  m = 2n. By equation (12) and 

Proposi t ion 1.13, 

Sign(Sp~n(Mg)) - 1 E Sign(re, (ME) 2~) 
(2n)~ 

rEG 

(14) 1 2,~ 
-(2n)! E 1-I {Sign(ck '  (M9)k)}~k('~) 

rrEG k=l 

= Z ( G ;  0, 2 - 2g . . . . .  0, 2 - 2g) 

which establishes par t  (a) of Theorem 1.8. Par t  (b) follows by the same argument  

from Proposi t ion 1.14. 1 

1.2 COROLLARIES OF THEOREM 1.2. 

lemma. 

LEMMA 1.15: 

(15) 

Proof: 

(16) 

We start  with the following elementary 

Z(S~;a,/3, a,/3, . . .)  = [t'~](1 - t)-½(~+~)(1 + t) ½(~-~). 

The result is easily deduced from the well known fact [1], [11], [3], [14] 

x2 t  2 xat a / 
Z(Sn;Xl = [t ]expt : t, + - - V  + - T -  + ' J 

] 

In part icular,  for a = fl one has 

(17) Z ( S n ; a , a , . . . )  = [ t ~ ] ( l - t ) - ~  = ( - l ) n ( 7  ) 

while for (~ = 0 formula (15) reduces to 

(18) z ( & ;  o, ~, o,/3,...) = [t~](1 - t2) -~/2. 

THEOREM 1.16 (O. P61ya, [1]): Let  G = Sk ~ H be tile wreath product of Sk by 
a subgroup H C Sm of the symmetric group Sin. Then the cycle index Z(G; 2) 
of G can be computed from the cycle indices of  Sk and H by the fornmla 

(19) Z(G; :~) = Z(Sk; Z(H; Xl, x2 . . . .  ), Z(H; x> x4, . . . )  . . . . .  Z(H; xk, x2k . . . .  )). 
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Proof of Proposition 1.4: By Theorems  1.2 and 1.16, 

Sign(SPs, ls,, (M~,A,)) = Z(Sp I Sin; 0, -2g, O, -2g , . . . )  

: Z(S~:Z(Sm;O,--2g,  O,--2g . . . .  ) , Z ( S m ; - - 2 g , - - 2 g  . . . .  ) . . . .  ) 

2g 0 , ( - 1 )  m 2g ..) = ( _ l ) p / 2 ( 7 ( m ) ' ~  =Z(Sp;O,(-1)" ',n ' m ' "  \ ½p ] "  | 

1.3 NON-HOMEOMORPHIC SYMMETRIC PRODUCTS. 

Proof of Theorem 1.1: Since Mg,~, is, up to homotopy,  a wedge of 2g + k - 1 

circles, the condit ion 2 g +  k = 2g~+k ~ implies Mg,~: -~ Mg,y  and as a consequence 

SPY'(big,k) ~-- SP'~(l~lg,,k,). Suppose tha t  m is an even integer, m = 2n, The  

open manifold SP2'~(Mg,k), according to Corol lary 1,3, has s ignature  ( - 1 ) ~ ( g ) .  

The  condit ion m a x { g , g ' }  > n guarantees  tha t  either (~) or (~)  is nonzero. The  

sequence (~), as a function of g, is str ict ly monotone  for g > , .  Together  wi th  

the condit ion g ¢ g~ this implies 

S ign (SP  2" (Mg,k)) ¢ Sign (SP  2~ (M~,,k,)), 

hence SP2n(Mg,k) and sp2n(Mg, k,) are not homeomorphic .  The  case of an 

odd integer m is t rea ted  similarly. If, cont rary  to the claim, Spm(Mg,k) and 

spm(Mg, k,)are homeomorphic ,  then by Corol lary 1.5, (2g) = (2rag'). This  again 

would contradict  the conditions max{g,  g'} > m / 2  and g ¢ g~. | 
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